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1 Introduction 



Let (M",(jr) be an n-dimensional (smooth oriented) Riemannian spin manifold without 
boundary. When M" is compact, the spectrum of the Dirac operator D of {M"',g) is 
discrete and real. The first sharp estimate for the smallest absolute value of eigenvalues 
A of the Dirac operator D was obtained by Priedrich [8]. Using a suitable deformation of 
Riemannian spin connection, he proved the inequality 

A2 > ^ -mfS (1.1) 

- 4(n -1) M ^ ^ 

on manifolds {M^,g) with positive scalar curvature S > 0. Equality occurs if and only if 
(M^,g) admits a (real) Killing spinor , i.e., a non-trivial solution ip to the Killing equation 
for spinor fields, 

Vxij = --x-ip, a/ogm, 

n 

where X is an arbitrary vector field on M" and the dot " • " indicates the Clifford multi- 
plication [3, 10]. The inequality (1.1) has been improved in several directions [5, 6, 9, 11, 
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12, 13, 14, 16, 17, 18, 19]. We refer to [7] for a concise exposition of the first eigenvalue 
(the smallest absolute value) estimates as well as the classification problems of limiting 
manifolds. 



An optimal lower bound of the Dirac eigenvalues depends on the geometric structure 
(the holonomy group) that the considered manifold may possess. A remarkable observation 
was made by Hijazi that, if (M",^) admits a parallel k-form, < A; < n, then there exist 
no Killing spinors (see [3], p. 32). Furthermore, if (M'^,g) possesses a locally product 
structure, then there exist no Killing spinors (see [3], p. 35). An interesting improvement 
of the Friedrich inequality (1.1) in these directions was found by Alexandrov, Grantcharov 
and Ivanov [1, 20]. They proved that, if (M",(/), n > 3, admits a parallel 1-form, then 
any eigenvalue A of the Dirac operator D satisfies 

A2 > infg. (1.2) 

(Equality occurs if and only if there exists a non-trivial solution to the field equation (1.4) 
below, with ni = n — 1 and n2 = 1). 

In this paper we study some similarities between almost product Riemannian structures 
and almost Hermitian structures. In Section 2 we translate some basic results in Kahler 
spin geometry [13, 14, 15] into the forms to be appropriate for almost product Riemannian 
manifolds. Inspired by the similarities, we will prove lower eigenvalue estimates for the 
Dirac operator on compact Riemannian spin manifolds with locally product structure 
(Theorem 1.1 and 1.2). Our new inequalities contain the inequality (1.2) as a special case. 
To state the main result of the paper precisely, we now recall some basic facts from almost 
product Riemannian geometry [23]. 

A Riemannian manifold (Af",(?) is called locally decomposable if it admits a (l,l)-tensor 
field (p with the following properties : 

(i) (/>2(X) = X and g{(f)X, ^Y) = g{X, Y) for ah vector fields X, Y. 

(ii) V(/) = 0, i.e., (p is parallel with respect to the Levi-Civita connection V. 

In case that {M^,g,(p) is locally decomposable, the tangent bundle T(M^) decomposes 
into T(M") = r+(M") r-(M") under the action of the endomorphism cf), where 

r=^(M") := { Z G r(M") : ^(Z) = ±Z }. 

Due to the condition V0 = 0, the distributions r^(M") arc intcgrable. In fact, around 
each point x G M", there is an open neighbourhood U that has a Riemannian product 
structure of the form {U,g) = {Ui x U2, gi + 52)- If (M'^^g) is simply connected and 
complete, then there is a global splitting {M^,g) = (Mi x M2, gi + 52) (see [21], p. 228). 

Let (M", g, (p) be a locally decomposable Riemannian manifold with a fixed spin struc- 
ture, and let (Ei, . . . ,En) be a local orthonormal frame field. Then the spin derivative V 
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and the Dirac operator D of {M'^,g,(f)), acting on sections if) G r(S(M"')) of the spinor 
bundle E(M"), are locally expressed as 

1 " 

and 

n 

1=1 

respectively. As in the Kahlerian case [13], let us define the twist D of the Dirac operator 
D by 

n n 
1=1 3=1 

In Section 3 we will prove the following theorems. 



Theorem 1.1 Let {M'^,g,(f)), n> 4, be a locally decomposable Riemannian spin manifold 
with positive scalar curvature S > 0. Assume that {M'^,g, (p) is compact and the dimension 
ni ofT~^{M^) is equal to the dimension n2 of (M'"-) (i.e., n = ni + n2 = 2ni). Then 
any eigenvalue A of the Dirac operator D of (M", (/, satisfies 

A^ > 7^^inf5. 
- 4(n-2) M 

Equality occurs if and only if there exists a non-trivial spinor field tp* such that the 
differential equation 

VxV'* = -— (1.3) 
n n 

holds for some real number A* 7^ G M and for all vector fields X. 



Theorem 1.2 Let {M^,g,4>)^ n > 3, be a locally decomposable Riemannian spin manifold 
with positive scalar curvature S > 0. Assume that {M"',g,(p) is compact and 

ni = dim(T+(M")) > ^2 = dim(T-(M")) > 1. 

Then any eigenvalue A of the Dirac operator D of {M^,g,(f)) satisfies 

\' > --^^inf5. 

4(ni - 1) M 

Equality occurs if and only if there exists a non-trivial spinor field tp* such that the 
differential equation 

vxr = -^x-r-^<p{x)-r (1-4) 

2ni Ini 
holds for some real number A* 7^ G M and for all vector fields X. 
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Riemannian spin manifolds admitting non-trivial solutions to the field equation (1.3) (resp. 

the field equation (1.4)) are called limiting (locally decomposable) manifolds. In Section 4 
we provide the following examples of limiting manifolds : 

Let (M^^ ,gi) and (M,^^,g'2) be Riemannian spin manifolds admitting Killing spinors. Let 
{M2^ ,'§2) be a Riemannian spin manifold admitting parallel spinors. For the classification 
of manifolds with Killing spinors (resp. parallel spinors), we refer to [2, 22]. 

(i) If ni = n2 > 2, then the Riemannian product manifold (M"^ x M^^, gi + g2) as well 
as (M^^ X M^^, gi +^2) satisfies the limiting case of Theorem 1.1 (see Theorem 4.1 and 
4.3). 

(ii) If ni > n2 > 1, then the Riemannian product manifold (M^^ X M^^, gi +52) satisfies 
the limiting case of Theorem 1.2 (see Theorem 4.2 and 4.4). 

2 Basic properties of the twisted Dirac operator D and some 
remarks on the limiting case of Theorem 1.1-1.2 

In this section we define the twist D of the Dirac operator D, introduced in the previous 
section, in a general setting. We then establish some formulas needed to prove Theorem 
1.1-1.2 in the next section. We will in fact show that some basic results in Kahler spin ge- 
ometry can be translated into the forms to be appropriate for almost product Riemannian 
manifolds. Because of the similarities between almost product Riemannian structures and 
almost Hermitian structures, we will describe the formulas in a unified way so as to be 
valid for both types of structures. 

Let (M",(/) be an n-dimensional Riemannian spin manifold. Let be a (l,l)-tensor 
field on {M"',g) such that = al, a = ±1, and 

gi<pX,<pY) = giX,Y) 

for all vector fields X,Y (Here / stands for the identity map). Since 

g{ct>X,Y) = ag{X,(t>Y), 

the endomorphism (p is skew-symmetric if a = — 1 and symmetric if a = 1, respectively. 
Note that [M'^^g^cj)) is called an almost Hermitian manifold if cr = — 1 and an almost 
product Riemannian manifold if cr = 1, respectively. Let S(M") be the spinor bundle 
of {M'^,g,(j)). In terms of local orthonomal frame field {Ei, . . . ,En), the spin derivative 
V and the Dirac operator D, acting on sections ip G r(S(M'^)) of S(M"), are locally 
expressed as 

1 

Vx^ = X{i;) + ^^Ei- VxEi ■ V 

i=l 

and 

n 

1=1 
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respectively. Associated with the endomorphism cj), we define the (j)-twist of the Dirac 
operator D by 

n n 

Di; = J2Ei- V<^(E,)V' = aJ2 4>{Ei) ■ V^.V- (2-1) 

1=1 1=1 

Let (•, •) = Re(-, •) be the real part of the standard Hermitian product (•, •) on the spinor 
bundle S(M"). Then, from the identity 

n 

-adiv(^(Vi, <j){Ei) ■ i;2)Ei) 

i=l 

n 

= {bi^u - (Vl, 5V'2) - {VEMEi) ■ V'2), (2.2) 



i=l 

-2 



we see that D is self-adjoint with respect to L -product if ^ satisfies 

div((^) = 0. 



Proposition 2.1 On almost product Riemannian (resp. almost Hermitian) spin manifold 
{M'^,g,(l)), we have 

1 " 

i,j,k,l=l 
n 

where the second covariant derivative {V'^(f)){Z,Y,X) is defined by 

(V2</>)(Z,y,X) = Vx{(Vy</>)(Z)} - {VrmVxZ) - {Vy^Y4>){Z). 
Proof. Using a local orthonormal frame field {Ei, ... , En), we compute 



=^Ei- V^E^Ej ■ V^Eji^) 



i,j=l i,j=l 
1 " 
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i=l i,j=l 



^ n 1 " 



i,j=l ij=l 



1=1 2J = 1 



Since 

1 " 



2 



i,j=l i=l 



n n 



= Y.^i-^r V(v^s.</.)(£,)V' +Y,^i-^r ^<t>(y^E,E,)i^ + E Vv^B.(</,Ei)V' 

ij=l i,j=l 2=1 

n n n 

i,j=l 2j=l i=l 

and 

n n 

i,j=l i,j=l 

the equation (2.3) now becomes 

n n 

&^ = ^Y.Ei- Ej ■ Ri^Ei, ^Ej){^) + A{^) + Y ^(Ei) • {VeMEj) ■ V^,^. (2.4) 

On the other hand, the identity 

(VV)(Z,y,X) - (VV)(Z,X,y) = R{X,Y){(t>Z) - (t>{R{X,Y){Z)} 

imphes 

i?(0K„ <pEj,Ek,Ei) - R{E,, E,,Ek, Ei) 
= g{{V^(P){Ej,Ei,Ek) - {V^cl))iEj,Ek,Ei), 4>Ei) 



and so 



1 

- Y Ei-Ej-R{ct)Ei,cl>Ej){'iP) 
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1 " 

= -g ^ Ri<t>EiAEj,Ek,Ei)Ei-E,-Ek-Eri^ 

i,j,k,l=l 
1 " 

= — g ^ R{Ei, Ej,Ek, Ei)Ei ■ Ej ■ Ek ■ El ■ if) 

i,j,k,l=l 
1 " 

- g Yl 9{{^^^){Ej,Ei, Ek) - {V^(i>){Ej,Ek, El), <l>Ei)Ei ■ Ej ■ Ek ■ Ei ■ ^ 

i,j,k,l=l 

= (2.5) 

1 " 

- g E gi{^^^){Ej,Ei,Ek) - {V^){Ej,Ek, El), 4>Ei)Ei ■ Ej -Ek-Ei-^. 

i,j,k,l=l 

Applying (2.5) and the Schrodinger-Lichnerowicz formula 

D'^ = A + -S 
4 

to (2.4), we obtain the formula of the proposition. QED. 

Proposition 2.2 On almost product Riemannian (resp. almost Hermitian) spin manifold 
(M^\g, (j)), we have 

D{Dip) + D{Dip) 

n n 

= -Y,{^'i')i4>Ei,Ei)-Y,i^'4^m,(i>Ei) 
1=1 i=i 

J n 1 ^ 

+^J2Ei- Ej ■ R{Ei, (f>Ej){^) + -J2Ei-Ej- R{(f>Ei, Ej){'iP) 

i,j=l i,j=l 

n 

+aJ2 Ei-{VEMEj)-VE,^, 

where the second spinor derivative {Sl'^ip){Y,X) is defined by 

{V^^){Y,X) = VxVyV' - Vv^yV'- 
Proof. Using a local orthonormal frame field {Ei, ...,En), we compute 
DiDip) + D{Dip) 
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i,j=l i,j=i 

n n 

i,j=l i,j=l 

n n 

i,j=l i,j=l 



J n 1 

^Y^Ei- Ej ■ VEy4>E,i^ - 2 5Z ■ ■ Vi5,V<^E,^ 

i,j=l i,j=l 

^ n 1 

+- ^ • Ej ■ V0b,Ve.V --Y^j-Ei- V^£,Vfi.V 

i,j=l i,j=l 

n n 



1=1 1=1 



i,j=l i,j=l 



lYEi- Ej ■ R{Ei, (PEj){i;) + ^ ' ' ^^•)(^) 

i,j=l i,j=l 
n n 

1=1 i=l 

-j^ n 1 " 

jj=i jj=i 



=1 i=l 

n 



i,j=l i,j=l 



^ ra 1 " 

- ^ Ei • E,- • V[B.,^B.]^ + - ^ Ei • E,- • V[^£.,B.]V' 
i,j=l i,j=l 



= Y.^^-^r ^v^,('^^.)V' +Y.^^-^r ^^.E,E,i^ 

n n 

i=l i=l 

n n 

= ^Ei-Ej- V(Vs^<^)(i?,)'i/' +^Ei-Ej- V^(Vg.s,oV' 

ij=l i,j=\ 

n n n 

+ ^Ei-Ej- Vv^B.EjV' + Yl ^^E,(c^E,}'^ + Y ^^^E^Eii^ 
i,j=l i=l i=l 

n 

= aY,Ei-{VEMEj)-yE,i^ 

n n 

i,j=l i,j=l 
n n 

+ Yl ^^E,(4'Ei)i^ + Y VV^^.E.V', 
i=l i=l 

we now obtain the formula of the proposition. QED. 

Remark. On Kahler spin manifolds (i.e., if (f> is skew-symmetric and = 0), the 
relations in Proposition 2.1-2.2 simplify to the well-known relation [13] 

5^ = D'^ (2.6) 

and ^ ^ 

DD + DD = 0, (2.7) 

respectively. However, the relation (2.7) does not generally hold on locally decomposable 
Riemannian spin manifolds. 

Analogously to the Kdhlerian twistor equation [14, 15], we now consider the following 
spinor field equation 

Vc^x'^=p(t>{X)-DiP + qX-biP, p^O, g^OGM, 

which is equivalent to 

Vx-ip =pX ■ D^P + aq(p{X) ■ Dil;. (2.8) 

Definition 2.1 A non-trivial solution t/^ to the field equation (2.8) on almost product 
Riemannian (resp. almost Hermitian) spin manifold {M'",g,(f)) is called quasi-twistor- 
spinor (resp. Hermitian twistor- spinor) of type (p,q). 
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Proposition 2.3 Let {M'^ , g , (f)) admit a quasi-twistor-spinor ip (resp. Hermitian twistor- 
spinor) of type (p, q). Then we have 



jRic(X) • V = -pX- D'^t/j -{2p + l)Vx (Di/j) - 2aqV^x (Dip) - aq (p{X) ■ DDtJj 

n 

+aq^Ei-iVEMX)-D^. (2.9) 
i=l 

n 

Contracting this equation via Sip = — Ei ■ Ric(£^j) • i/j gives 

1=1 

1 ~ ~ 

-Stp = {l + 2p-np)D'^ip + 2aqD^ip + aq^Ei-(f){Ei)-DDip 



i=l 



-aq ^ Ej ■ Ei • {VeMEj) ■ D^. (2.10) 

Proof. Applying (2.8) to the (^i?zcci)-formula (see Lemma 1.2 in [10]) 

1 " 

-Ric(X) • V = D{Vx^) - Vx{D^) -Y^^i- Vvb.xV', 

^ i=i 

we have 

^Ric(X)-V = -Vx{,Di)) + D[pX ■ Di) + aq(t){X)-bi}^ 

n 

-^Ei- {pVe.X -D^p + aq <P{Ve,X) ■ D^p'j 
i=l 

n 

= -Vx{D^) +pY,Ei- Ve,X ■ - 2pVx{D^) - pX ■ D^^ 

i=l 

n 

+aqJ2Ei ■ Ve,(<^X) • Dip - 2uqV^x{DiP) - uq^{X) ■ DDiP 
i=l 

n n 

-pJ^Ei- Ve.X ■DiP-aqY.Ei- ^{Ve,X) ■ Dip 
1=1 i=l 

= -pX-D'^iP-{2p + l)Vx {Dip) - 2aqV^x {Dip) - aq (p{X) ■ DDiP 

n 

+aqY,Ei-{VEMX)-D^. 
1=1 

QED. 
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Corollary 2.1 Let {M'^,g,(f)) be an almost product Riemannian (resp. almost Hermitian) 
spin manifold with Vcp = 0. Assume that {M'^,g, (p) admits a quasi-twistor-spinor ip (resp. 
Hermitian twistor-spinor) of type (p, q). Then we have 

A{p + q+l)D'^il; = Si/j. (2.11) 

Proof. We first consider the case a = —1. Let O be the fundamental 2- form defined by 

n{X,Y)=g{X,4>Y). 

Then we know that 

Dn-nD = -2D, Dn-nD = 2d. (2.12) 

On the other hand, contracting the equation (2.8), we obtain 

{l+nq)Dil; = -2pn-D^, {1 + np) = 2qn ■ Dij;. (2.13) 
Applying (2.12) to (2.13), we have 

n.DDi. = i±^±Z!^ = l±!|±i^ D% (2.14) 

Consequently, inserting (2.14) into (2.10) gives the formula (2.11) of the corollary. Now 
we prove that (2.11) is also true for the other case (7 = 1. Contracting the equation (2.8), 
we obtain 

{1 + np) Dijj = -qTr{(l)) Dijj, {1 + nq) Dijj = -pTr{(t)) Dijj. (2.15) 
Inserting (2.15) into (2.10) gives the formula (2.11). QED. 

In the rest of the section we make some remarks on the limiting case of Theorem 1.1 
(resp. Theorem 1.2). It is obvious that a locally decomposable Riemannian spin manifold 
{M"',g,(f)) is a limiting manifold of Theorem 1.1 if and only if {M'^,g,(j)) admits such 
an eigenspinor ip* of the Dirac operator that is a quasi-twistor-spinor of type (~^)~^)- 
Therefore, by Corollary 2.1, the scalar curvature of any limiting manifold of Theorem 1.1 
is necessarily constant. 

In order to discuss the limiting case of Theorem 1.2, we now consider a special type of 
spinor field equation 

Vx'(l^ = aX ■il; + b(t){X)-ijj, a^O,b^OeR, (2.16) 

which is closely related to the quasi-twistor equation (2.8). From (2.15) we observe that 
the equation (2.8) reduces to (2.16) in the following cases : 

(i) D^p = for some A 7^ G M and Tr(0) ^ 0. 

(ii) Dip = Xip for some A / G M and q ^ 

Definition 2.2 A non-trivial solution tp to the field equation (2.16) on almost product 
Riemannian spin manifold {M^,g,(p) is called quasi-Killing spinor of type (a,b). 
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Proposition 2.4 Let {M'^,g,(f)) be an almost product Riemannian spin manifold admit- 
ting a quasi-Killing spinor of type (a,h). Then we have 

Ric(X) • V = 4|(n - l)a^ + ab ■ Tr(0) - • V (2.17) 

n 

+4{62 • TV((/>) + (n - 2)a6}0(X) • ^ + 26^ • (VeM^) ' ^■ 

i=l 

In particular, the scalar curvature S must be constant and given by 

S = An{n - l)a^ + 8(n - l)ab ■ TV((^) - 4n6^ + 4b^{Tr:^f. (2.18) 

Proof. Applying (2.16) to the (^i?icd)-formula, we obtain the equation (2.17) immedi- 
ately. Contracting (2.17) gives 

Si) = 4n|(n- l)a2 + a6-Tr(0) -6^1^ 

+4TV((/))|62 . Tr((/)) + (n - 2)a6}v + 45div((/)) • 
Thus div(^) = must vanish, and rewriting gives (2.18). QED. 

Certainly, a locally decomposable Riemannian spin manifold (M", g, (j)) is a limiting man- 
ifold of Theorem 1.2 if and only if [M^,g.<j)) admits a quasi-Killing spinor ip* of type 
~^)' A* 7^ G M. In this case, the Ricci tensor (2.17) and the scalar curvature 
(2.18) simplify to 



Ric(X,y) = ^^V^ • (^*)' • {g{X,Y) + g{^{XlY)] (2.19) 

and 



5=l^^^.(A*)^ 

ni 

respectively. If {M"',g) = (M"^ x M^^, gi + 52) is a global Riemannian product, then 
(2.19) implies that (M^^^i) is necessarily Einstein with positive scalar curvature and 
(M2^52) is Ricci-flat. 



3 Proof of Theorem 1.1-1.2 

Let (M",(7, 0) be a locally decomposable Riemannian spin manifold. Since Vcj) = van- 
ishes on M", the operator D is self-adjoint with respect to L^-product (see (2.2)). More- 
over, Proposition 2.1 implies 

D"^ = D^. (3.1) 
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Let us define the quasi-twistor operator T : r(r(M")) x r(i;(M")) — ^ r(i;(M'^)) by 
Then a direct calculation using (3.1) yields 



< / ^(rs,(^), rs,(^))M (3.2) 

= / {{Vip,Vv) + {np' + 2p + nq^ + 2q){D^ip,^) + 2pq-TT{4>)-{bD^,^)\lJL, 

where n is the volume form of {M"',g). Now assume that 

ni = 71,2, i-c, Tr(^) = 0. 

Then the equations in (2.15) imply that the optimal parameters p,q are 

1 

p = q = . 

n 

Let tp be an eigenspinor of D with eigenvalue A. Then, applying the Schrodinger-Lichnerowicz 
formula to the equation (3.2), we obtain 

o< / X^(rs,(V;), r^,(^))/x = / {!i^.A2-||(^,v.)/x. 

This proves the inequality of Theorem 1.1. The limiting case of the inequality is clear. 

Next we prove Theorem 1.2. In order to control the last term 2pq ■ Tr(^) • {DDcp, ip) 
in (3.2), we introduce free parameters a, 6 G R and compute 

r. n 

< / {a\Dcp-bD^,Dcp-bD^) + Y,i'^EM^'^EM)}l^ 

= / (-^{ip,<p) + {l+np'^ + 2p + nq'^ + 2q + a^+a^b'^){D'^(p,ip) 

+{2pq Tr(0) - 2a^}{DDip, (3.3) 

Here we choose the parameters o, ^ 0, 6 7^ in such a way that the last term in (3.3) 
vanishes and the equations in (2.15) are satisfied with Dip = hD'^, i.e., 

pqTi{4,) _ pTr{(f)) _ I + np 

a2 1+nq gTr(<^)' ^ ' 

Prom this, it follows immediately that 

(TV0)^ = (n, - n^f = (^ + -P)^^ + -^) (3.5) 

pq 
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and 

a^ = -,(l + ng), b2^P(^±!^^ (3_g) 

q{l + nq) 

Since > and > 0, we see that < p < and — - < g < 0. Inserting (3.6) into 
(3.3) and assuming that if = is an eigenspinor of D with eigenvalue A, we now find that 



< 



n 

a\D^ - bDi/j, -bD^)+ ^{Te,{iIj), Te,{iIj))]h 



= I {(l+p + g)A2-f|(V,V')/x. (3.7) 

Applying Lagrange's method to the function f{p,q) := 1 + p + q with the side condition 
(3.5), one verifies easily that f{p,q) has its minimum ^^^^^^ at the point 

Consequently, (3.7) together with (3.8) leads us to the inequality of Theorem 1.2. More- 
over, inserting (3.8) into (3.6) gives 



^2 _ - n2 

Thus the limiting case of Theorem 1.2 is clear from (3.7). 



a = — J— 2 — , 0=1. (3.9) 



4 Some limiting manifolds 

We show that some special types of Riemannian product manifolds satisfy the limiting 
case of Theorem 1.1 (resp. Theorem 1.2). For that purpose we need to recall some 
algebraic formulas describing the action of the Clifford algebra on tensor products of 
spinor fields [4, 10, 17]. We begin with the case that the first manifold (M^™,g'i) is 
of even dimension 2m > 2 and the second manifold (M2,32) is of general dimension 
r > 2. In this case the Riemannian product manifold (M^™ x M^" , gi + §2) possesses 
a naturally induced spin structure and the spinor bundle of (M^™ x M^", gi + 5(2) is no 
other than the tensor product of the spinor bundle of (Mf"',5i) and the spinor bundle of 
(M2 , 52). Therefore, if ipi and ■02 are a spinor field on {Mf^, gi) and (M2 , 52), respectively, 
then the tensor product tf^i ® tl;2 is well defined on [Mf^ x , gi + 52). Let us denote 
by {Ei^ . . . , E2m) and (Fi, . . . , F,.) a local orthonormal frame on (M^™, gi) and (Mg , 52); 
respectively. Identifying (£^1, . . . , E2m) and (Fi, . . . , F^) with their lifts to {Mf^ x M2 , gi + 
52), we regard (Fi, . . . , £^2^, -Fl, . . . , Fj.) as a local orthonormal frame on (Mf"* x , g\ + 
52). Then the Chfford bundle Cl(Mf"* x M^) of (M^^m ^ M|',5i + 52) acts on the spinor 
bundle E(Mf"* x M2O via 

Fi • (V'l (8) V2) = (Fj.Vi)®V'2, l<z<2m, (4.1) 
Fr{'^i®'^2) = {V^r{t^i-i^i)®iFj-^P2), l<j<r, (4.2) 
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where /xi = A • • • A E^"*, E'^ := gi{Ek, ■), is the volume form of (Mf"^,gi). Denote 
by (resp. V^) the Levi-Civita connection and by Di (resp. D2) the Dirac operator 
of (M^™,(?i) (resp. (M2,52))- From (4.1)-(4.2), we immediately obtain the following 
formulas for the spin derivative V and the Dirac operator D of [Mf"^ x M2, g\ + g2) '■ 

Vx(V'l®V'2) = (V^i(X)V'l)<^^2+^l<8(V2^(X)^2), (4.3) 

D(V'i®V2) = (£'iV'i)®V'2 + (V^r(/xi-V'i)®(W2), (4.4) 

L>2(V'i«'V'2) = (L>?V'i) ® V'2 + V'l ® (-DiV2), (4.5) 

where vn : T(Mf"^ x M|) — ^ T(M2"») and 1^2 : T{Ml'^ x M^) — > T{M^) are the 
natural projections. 

Theorem 4.1 LeA, (Af^™", 51), m > I, be a Riemannian spin manifold admitting a Killing 
spinor V'l with Ditpi = \iipi, Ai / G M. Let (M|"', 52) be a Riemannian spin manifold 
admitting a Killing spinor ip2 with D21P2 = ^2, A2 G M (Here we allow A2 to be zero). 
Then the Riemannian product manifold {Mf^ x Ml™", gi +32) admits such a non-trivial 
eigenspinor ip* of the Dirac operator D that satisfies the equation (1-3) of Theorem 1.1. 

Proof. The spinor bundle i;(Mf"') of {Ml'^,gi) decomposes into S(Mf"') = S+(Mf"')e 
ll~{M'l'^) under the action of the volume element /ii = Ei ■ ■ ■ E2m , 

S±(Mf-) -{cpe S(M2-) : ^1 . = ±(v^)>}. 

Let G r(i;^(Mf™)) be the positive and negative part of tpi, respectively. Set 

ijj := il^i 'Si ■02- 

Then, using the formula (4.5), we have 

D^^P = (A? + Ai)(V^ V2) = (A? + XDi^. 

Let Si and S2 be the scalar curvature of (M^™,gi) and {M2"^,g2), respectively. Then 
A* := A/Xf+Af is related to the scalar curvature S = Si + S2 oi (Mf*" x M|™, 91+52) 
as 

/x*n2 1 2m 1 2m 1 n 

(A ) = - • • "Ji + T ■ • '-'2 = T • ■ S, n = 4m, 

^ ^ 4 2m-14 2m-14n-2' 

and 

^* .= A* V + i^V' = {A* + A2(-l)™}(Vi+ » V'2) + Ai(Vr ^ ^2) 

is indeed such a non-trivial eigenspinor of D with eigenvalue A* that satisfies the equation 
(1.3). QED. 
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Theorem 4.2 Let (M^"*,gi), m > 1, be a Riemannian spin manifold admitting a Killing 
spinor ipi with .DiV'i = AiV'i, Ai / G M. Let (M2,g2), 2r?T, > r > 2, be a Riemannian 
spin manifold admitting a parallel spinor Let {S^,gs) be a circle with the standard 
metric. Then the Riemannian product manifold (M^™ x M2 , gi +^2) ^■^ ^^^^ '^^ (M^"* x 
'5'^, 91 + 9s) admits such a non-trivial eigenspinor ip* of the Dirac operator D that satisfies 
the equation (1-4) of Theorem 1.2. 

Proof. Applying the argument in the proof for Theorem 4.1, one proves that (Mf"* x 
M2 , gi +52) satisfies the Hmiting case of Theorem 1.2. To prove the latter part of the 
theorem, it suffices to check that the lift ipl of ipi to (Mf"^ x S^, gi + gs) satisfies the 
equation (1.4) of Theorem 1.2. QED. 

Now we proceed to the other case that the first manifold (M^™^^, gi), m > 1, as 
well as the second manifold (M|*^^, g2), s > 0, is of odd dimension. We will mod- 
ify the relations (4.1)-(4.5) slightly to be appropriate in this case. Let (iV^,5jv) be 
a 1-dimensional connected manifold (i.e., an open interval or a circle) with the stan- 
dard metric g]\r, and let ((5^™+^ = M^™"*"^ x N^, gQ = gi + gN) be the Riemannian 
product manifold. Let .£^2^+2 denote a unit vector field on {N^,gN) as well as the lift 
to ((5^"*''"^,5q). Denote by {Ei, . . . , E2m+i) a local orthonormal frame on {M^'^'^^,gi) 
as well as the lift to (Q2™+2,c,q). Then the spinor bundle ^(M^^+i) of (m2"^+\ gi) 
may be thought to be embedded in the positive part ^^(Q^'""''^) (resp. in the nega- 
tive part S-(Q2m+2) ) q£ ^i^g gpij^Q^ bundle S(Q2™+2) of {Q^"'+^,gQ), the Clifford mul- 
tiplication C1(M2"*+1) ^ 5](m2"*+^) — ^ S(M2"*+^) being naturally related to the one 

Q(Q2m+2) ^ 5](Q2m+2) , S(Q2m+2) 

Ei ■ (ttq^^) = TTQiEi ■ E2m+2 " ^^), 1 < i < 2m + 1, (4.6) 

where € r(S±(Q2™+2)) ^nd ttq : S±((32™+2) — , ^(M^^+i) is the restriction 
map. Let {Fi, . . . ,F2s+i) be a local orthonormal frame on (MI*"*"^, ^'2)- Identifying 
(£^1, . . .,E2m+i) and (Fi, . . . , £2^+1) with their lifts to (7^^^'"+^ x M|^+\ 51+52), we regard 
{El,..., E2m+i F2S+1 ) as a local orthonormal frame on (Mf """^^ x M|'*+^ , 51 + 52) • 

Then, with help of (4.6), one can define a natural action of the Clifford bundle C1(M^™"'"^ x 
M|^+^) of {M^'^+^ X M|^+\ gi + 52) on the spinor bundle 

'26H 



s (m2™+i X m|"+^ ) = { s (m2™+i ) e S (Mf ) } ® S (M 

C {s+(g2"^+2)0 5]-(Q2™+2)|^5.(^^ 



2s+l^ 
2 ; 



of (M«xM|^+\ 51 +52) by 

•{(V']^+Vr)®V'2} = {£^i-£;2m+2-(V'^ + V'r)}®V'2, l<^<2m + l, (4.7) 

Fj ■ {{i^t + ^1) ^ M = {E2m+2-ii^i -^t)}^iFj-4'2), l<i<2s + 1,(4.8) 

where i^f G r(S(Mi2"'+^)) C r(S±(Q2™+2)) and ^^2 G r(S(M|^+^)). Denote by (resp. 
V^) the Levi-Civita connection and by Di (resp. D2) the Dirac operator of (M^'""'"^, 51) 
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(resp. (M|^+\52)). Prom (4.7)-(4.8), we now obtain the following formulas for the spin 
derivative V and the Dirac operator D of (M^^"""^^ x M|*+\ gi + 52) : 

"^xii^t + v^r) ® ^2) = {^l,(x) + vi,(x)V'r} ® + i^t + ^i) ® (v2^(x) 

(4.9) 

L>((V'^ + V'D ® ^^2) = (L>lV'l^ + L>lV'r)®V'2 + {^2m+2-(V'r-V'^)}®(^2V^2), 

(4.10) 

D\iiPt + ^i)'S)^P2) = {Dli^t + Dl'>Pi)®'^2 + {^t + (4.11) 

where vri : r(M2™+i xMf +^) ^ r(Mf"*+^) and7r2 : T{MI'^+^ xMI'+^) T{MI'+^) 
are the natural projections. 



Theorem 4.3 Let (M^™"*"^, (?i), m > 1, 6e a Riemannian spin manifold admitting a 
Killing spinor V'f e r(S(Mf'"+i)) C r(S±(Q2™+2)) ^^^/^ £,^^± = ;),^^±^ Ai 7^ G 
R. Let (Af2™^"^ , 52) « Riemannian spin manifold admitting a Killing spinor 1P2 with 
D2''p2 = A2, A2 G M (Here we allow A2 to he zero). Then the Riemannian product manifold 
(M^'^+i X m2'"+\ 51 + 52) admits such a non-trivial eigenspinor ip* of the Dirac operator 
D that satisfies the equation (1.3) of Theorem LL 

Proof. Set 

tp := {i^t +'4^i)®i^2- 
Then, using the formula (4.11), we have 

= (A? + xDii^t + V'D ® ^^2 = (A? + Ai)V 

and A* := \/AiTa| is related to the scalar curvature S = S1+S2 of {M^"^+'^ x M^'^^^ , gi+ 
92) as 

2 1 2m + 1 1 2m + 1 1 ^ a 

(A ) = - • ■ 01 -\ — • • 02 = - • • n = 4m + 2. 

4 2m + 1-1 4 2m + 1-1 4n-2 ' 

Consequently, 

r := A> + = (A* + Ai)(V'i+ + ^r) ® ^2 + A2{^2m+2 • (^- - V'+)} ® ^2 

is indeed such a non-trivial eigenspinor of D with eigenvalue A* that satisfies the equation 
(1.3). QED. 

Remark. As mentioned above, the spinor bundle S(M^"*+^) of (M^'"+^,3i) may be 
thought to be embedded in the positive part ^"'"(Q^™^^) (resp. in the negative part 
S~((52™+2) ) of the spinor bundle ^(Q^™^^). Obviously, there exists a Killing spinor 
tpt G r(S(M2™+i)) c r(S+(Q2™+2)) ^ith Dii;+ = Xi^f if and only if there exists a 
Killing spinor V'f e r(S(Mi2"'+^)) C r(S-(Q2m+2)) ^j^j^ ^ ^ g ^g^^^ 

take V'f := -£^2m+2 • "^i" )• 
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Theorem 4.4 Let {Mf"^'^^,gi), m > 1, be a Riemannian spin manifold admitting a 
Killing spinor V'f G r(S(M2"*+^)) C r(S±(Q2m+2)) ^^^f^ ^^^± ^ ^itpf, Ai 7^ G M. Let 

(M2 5^2)) 2?7i + 1 > 2s + 1 > 3, 6e a Riemannian spin manifold admitting a parallel 
spinor ip2- Let {S^,gs) be a circle with the standard metric. Then the Riemannian prod- 
uct manifold (M^^™+^ x M2^'''^\ gi +52) «s well as (Mf'"+^ x 5\ gi + gs) admits such 
a non-trivial eigenspinor tp* of the Dirac operator D that satisfies the equation (1-4) of 
Theorem 1.2 

Proof. Applying the argument in the proof for Theorem 4.3, one proves that (M^"*"*"^ x 

2s+l 

-^2 ) 51 +52) satisfies the hmiting case of Theorem 1.2. To prove the latter part of the 
theorem, it suffices to check that V'l •= + '^f satisfies the equation (1.4) of Theorem 
1.2. QED. 

Remark. Let (M",^), n > 3, be a Riemannian spin manifold possessing a parallel unit 
vector field ^. Let 77 = g{-, ^) be the dual 1-form. Then the endomorphism defined by 

4>{X)=X-2ri{X)i 

is an almost product Riemannian structure with = 0. Thus we find that the inequality 
(1.2) is indeed a special case of the inequality in Theorem 1.2, with ni = n—1 and n2 = 1. 

Remark. It may be of interest to classify all the types of limiting manifolds of Theorem 
1.1 (resp. Theorem 1.2). An important problem toward this classification is to consider 
only simply connected limiting manifolds, i.e., those limiting manifolds {M^,g) that are 
global Riemannian products (M^,g) = (M"^ x M^^, gi -\- g2), and answer the following 
question : Do there exist such limiting manifolds (Riemannian products) of Theorem 1.1 
(resp. Theorem 1.2) that do not belong to the type (i) (resp. the type (ii)) described at 
the end of the introduction of the paper ? 
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